ABSTRACT. The purpose of this paper is to investigate the oscillation of the second-order neutral differential equations of the form
ds → ∞ as t → ∞.
(1.1)
Following [4] , [15] , and [16] , we use a standard definition of the solution. By a solution of Eq. (E) we mean a function x(t) ∈ C([T x , ∞)), T x ≥ t 0 , which has the property r(t)|z (t)| α−1 z (t) ∈ C 1 ([T x , ∞)) and satisfies (E) on [T x , ∞). We consider only those solutions x(t) of (E) which satisfy sup{|x(t)| : t ≥ T } > 0 for all T ≥ T x . We assume that (E) possesses such a solution. A solution of (E) is called oscillatory if it has arbitrarily large zeros on [T x , ∞) and otherwise, it is said to be nonoscillatory. Equation (E) itself is said to be oscillatory if all its solutions are oscillatory.
Note that the second-order equations have the applications in various problems of physics, biology, economy. Therefore, there is the permanent interest in obtaining new sufficient conditions for the oscillation or nonoscillation of the solutions of varietal types of the second-order equations, see e.g., papers [1] - [26] . The authors mainly studied delay equations.
Grammatikopoulos et al. [10] have proved that 0 ≤ p(t) ≤ 1 together with ∞ q(s) 1 − p(s − σ) ds = ∞ guarantee the oscillation of the neutral equation
For the same equation, Erbe et al. [8] established the oscillation criterion that requires
This result has been improved and generalized by other authors. We mention Grace and Lalli [9] who studied the oscillation of
Xu and Xia [19] established the oscillation of
Baculíková and Džurina [4] studied the neutral differential equation
OSCILLATION THEOREMS FOR SUPERLINEAR NEUTRAL DIFFERENTIAL EQUATIONS
They presented new oscillation criteria for the case when
Clearly, (E 1 ) is a special case of (E). Liu and Bai [14] , Xu and Meng [20, 21] and Dong [22] investigated the oscillation of (E) when 0 ≤ p(t) < 1.
In this paper we cover both cases when τ (t) is delayed or advanced argument. We shall obtain some new comparison theorems in which we compare the secondorder equation (E) with the first-order differential inequalities in the sense that the absence of the positive solutions of these first-order inequalities yields the oscillation of (E). Our technique permits us to eliminate some restrictions that are usually imposed on the coefficients of the studied neutral differential equations.
Remark 1.1º
All functional inequalities considered in this paper are assumed to hold eventually, that is they are satisfied for all t large enough.
Remark 1.2º
Without loss of generality we can deal only with the positive solutions of (E).
Main results
It follows from (1.1) that the positive solutions of (E) have the following property.
Ä ÑÑ

2.1º If x is a positive solution of (E), then the corresponding function
z satisfies z(t) > 0, z (t) > 0, r(t)(z (t)) α < 0,(2.
1) eventually, and moreover, y(t) = r(t)(z (t))
α is decreasing.
Assume that x is a positive solution of (E). Then it follows from (E) that
Consequently, r(t)|z (t)| α−1 z (t) is decreasing and thus either
On the other hand, due to negativity of z (t),
Integrating the above inequality from t 1 to t, we obtain
This contradicts the positivity of z(t) and we deduce that r(t)|z (t)| α−1 z (t) > 0, which implies that z (t) > 0. The proof is complete.
The following lemma is elementary but useful in the sequel.
Ä ÑÑ
2.2º
Assume that x 1 , x 2 ∈ R. If x 1 ≥ 0 and x 2 ≥ 0, then
That is,
This completes the proof.
For our intended references, let us denote
and
where t ≥ t 1 , t 1 is large enough and σ −1 is the inverse function of σ.
Assume that the first-order neutral differential inequality
has no positive solution. Then (E) is oscillatory.
Assume that x is a positive solution of (E). Then the corresponding function z satisfies
where we have used inequality (2.2) and the hypothesis τ
On the other hand, it follows from (E) and Lemma 2.1 that
which by direct computation implies that 1
Then taking (H 1 ) and (H 2 ) into account, we have
Taking (2.5) and (2.3) into account, it is easy to verify that
Combining (2.6) and (2.7), we are led, in view of (2.8), to
On the other hand, noting that y from Lemma 2.1 is decreasing, we get
Therefore, setting the last inequality into (2.9), one can see that y is a positive solution of the differential inequality
This contradicts our assumptions and the proof is complete.
Employing the additional conditions on the coefficients of (E), we can derive various oscillation criteria for (E) from Theorem 2.1. We shall cover both cases τ (t) ≤ t and τ (t) ≥ t. 
has no positive solution, then (E) is oscillatory.
P r o o f. Assume the contrary, let x be a positive solution of (E). Then y from Lemma 2.1 is decreasing and it satisfies (E 2 ). Let us denote
It follows from τ (t) ≥ t that
Substituting these terms into (E 2 ), we get that w is a positive solution of (E 3 ), which contradicts our assumptions.
Adding suitable criterion for (E 3 ) to have no positive solution, we immediately get oscillation result for equation (E). 
3º Let τ •σ = σ•τ and σ(t) ≤ τ (t) ≤ t. If the first-order differential inequality
P r o o f. We assume that x is a positive solution of (E). Then y is a decreasing solution of (E 2 ). We denote
What is more, τ (t) ≤ t implies that
Substituting this into (E 2 ), we get that w is a positive solution of (E 4 ), which contradicts our hypotheses and we conclude that (E) is oscillatory. Note that the above results essentially employ the condition τ • σ = σ • τ . In the sequel, we establish some new criteria in which we relax this condition.
P r o o f. Let x be a positive solution of (E). It follows from (E) that
and similarly
(2.14)
Setting the last inequality into (E 5 ), we get that w is a positive solution of (E 6 ). This contradicts our hypothesis and the proof is complete now. 
P r o o f. We assume that x is a positive solution of (E). Then y from Lemma 2.1 is decreasing and it satisfies (E 5 ). We denote
In view of τ (t) ≥ t, we obtain
Substituting these terms into (E 5 ), we get that w is a positive solution of (E 7 ). This contradicts our hypothesis. On the other hand, for δ > 0, it can easily be checked that condition (2.18) transforms again into (2.21). Consequently, it follows from Corollaries 2.3-2.4 that (2.20) is oscillatory, provided that (2.21) holds.
Summary
In this paper we have introduced some new comparison theorems for investigation of the oscillation of (E). The established comparison principles reduce oscillation of the second order neutral equations to studying properties of various types of the first order differential inequalities, which essentially simplifies examination of (E). Our technique permits to relax restrictions usually imposed on the coefficients of (E). So that our results are of high generality. Obtained results are easily applicable.
